We give a new definition of Deligne-Lusztig spaces Xw(b) attached to a reductive group over a local non-archimedean field k, using the loop functor. Using techniques of Scholze, we show that for a quasi-projective scheme X/k, the loop space LX is an arc-sheaf (in the sense of Bhatt-Mathew) on perfect schemes over the residue field. In particular, Xw(b) are arc-sheaves. We establish some basic properties of Xw(b). Finally, using a technique due to Bonnafé-Rouquier, we show that Xw(b) is ind-representable if w has minimal length in its σ-conjugacy class.
Introduction
Let p be a prime number and let F be a finite field of characteristic p. Classical Deligne-Lusztig theory [DL76] studies certain families of varieties over F attached to a reductive group G over F. The -adicétale cohomology ( = p) of these varieties contains essentially the complete information about the representation theory of the finite Chevalley group G(F). For example, this can be used to obtain a uniform construction of cuspidal representations, to provide explicit character and Mackey-type formulas, and to arrange G(F)-representations in natural families.
It seems to be a natural task to extend this theory to reductive groups over local nonarchimedean fields. The potential applications are similar to those over finite fields: p-adic Deligne-Lusztig induction, explicit character and Mackey-type formulas, etc. Further, this construction is related to Langlands and Jacquet-Langlands correspondences, resp. Bushnell-Kutzko types. Being purely local it is quite explicit, and being geometric it allows a wide range of geometric techniques to study representations. These are the advantages of this construction over some realizations of local Langlands correspondences (which are often non-explicit and use global methods), as well as over purely algebraic constructions of cuspidal representations of p-adic groups (which do not allow geometric techniques).
The first attempt towards such a construction is due to Lusztig [Lus79] , see also [Lus04, Sta09] . Lusztig's construction was later extensively studied by Boyarchenko [Boy12] and Chan [Cha19] , especially in the case of division algebras and elliptic tori (see [Cha19] for further references). The problem about Lusztig's construction is that in general it is not easy to define the right scheme-structure on the constructed set of geometric points (whereas in the mentioned special case this problem disappears). Another approach via Rapoport's affine Deligne-Lusztig varieties was suggested in [Iva16] : here the scheme structure is less problematic, but instead there are other problems (e. g. many complex and uncanonical choices). For Coxeter type varieties for inner forms of GL n , one can use affine Deligne-Lusztig varieties to endow Lusztig's construction with a scheme structure, as Chan and the author showed [CI18] . In [CI19] this was simplified and it was also shown that for p > n the cohomology of corresponding Deligne-Lusztig spaces essentially realizes the local Langlands and Jacquet-Langlands correspondences for almost all cuspidal representations whose L-parameter factors through an unramified elliptic torus.
In this article we at least partially answer Boyarchenko's question [Boy12, Problem 1], which asks for a formal definition of Deligne-Lusztig ind-schemes attached to a reductive group G over a local field k, and for the right formalism of -adic (co)homology groups on them. We will not say anything about homology here. We will construct Deligne-Lusztig spaces X w (b) attached to G, using the loop functor. We show that this construction gives arc-sheaves (in the sense of Bhatt-Mathew [BM18] ) on the category Perf Fq of perfect F q -algebras, where F q is the residue field of k. Towards this we prove -using perfectoid techniques of Scholze -that for a quasi-projective scheme X over k, the loop functor LX is an arc-sheaf. Then we investigate some basic properties of X w (b) and prove their ind-representability in many cases. In this last point we closely follow the strategy of Bonnafé-Rouquier [BR08] , who (re)proved the affineness of certain (classical) Deligne-Lusztig varieties.
In the remainder of this introduction we denote by k a local non-archimedean field, byk the completion of its maximal unramified extension, and by F q /F q the residue fields ofk/k. 1.1. Loop spaces. The geometric Frobenius of an F q -scheme attached to an F q -rational structure is a morphism of F q -schemes. This fact allows to construct classical Deligne-Lusztig varieties, which are the intersections of the graph of the geometric Frobenius of some flag manifold G/B with certain subvarieties of (G/B) 2 . This does not work when F q is replaced by k. To remedy this, we use the loop functor construction (in the mixed characteristic case studied by [Zhu17, BS17] ). For a perfect field κ of characteristic p let Perf κ denote category of perfect κ-algebras. For R ∈ Perf κ , let W (R) be the ring of p-typical Witt-vectors of R. For a W (κ)[1/p]-scheme X, the loop space LX is the functor on Perf κ , sending R to X(W (R)[1/p]). If κ = F q and X is the base change tok = W (κ)[1/p] of a k = W (F q )[1/p]-scheme, then LX is equipped with a geometric Frobenius LX → LX. There is a version of this construction over all fields k,k, see Sections 2.1.1, 3.1.
If X is affine of finite type over W (κ)[1/p], then LX is representable by an ind-(perfect scheme), usually not of perfectly finite type. If X is quasi-projective, then LX is an fpqc-sheaf (by a theorem of Drinfel'd; cf. [Dri03, Theorem 3.11]). Using perfectoid methods of Scholze, we prove that LX is in fact a sheaf for the much stronger arc-topology of Bhatt-Mathew [BM18] , which we review in Section 2.2. Roughly, a map R → R in Perf κ is an arc-cover if any immediate specialization in Spec R lifts to Spec R .
Theorem A (see Theorem 5.1 for the full statement). Let X be a quasi-projective scheme over W (κ)[1/p]. The functor LX on Perf κ is a sheaf for the arc-topology. where the lower horizontal arrow is the graph of the Frobenius morphism composed with left multiplication by b (see Definition 7.2). By Theorem A, X w (b) is an arc-sheaf. On X w (b) the (constant group scheme attached to the) locally profinite group G b (k) = {g ∈ G(k) : g −1 bσ(g) = b} acts (here σ denotes also the Frobenius automorphism ofk over k), see Section 7.2.1 for details. The group G b (k) is the group of k-points of an algebraic group G b over k, the σ-centralizer of b (see [RZ96, 1.12] ). It is isomorphic to an inner form of a Levi subgroup of G.
In the classical theory (over finite fields) this leads to the redundance of the parameter b: by Lang's theorem, one can take b = 1 without loosing generality. Over k there are in general many σ-conjugacy classes. Further, exactly as in the classical theory, for a liftẇ ∈ G(k) one can define an arc-sheafẊẇ(b) over X w (b), and there will be an unramified maximal torus T w ⊆ G, such that T w (k) acts onẊẇ(b) over X w (b). However, in contrast to the classical case it might happen thatẊẇ(b) = ∅, but X w (b) = ∅.
The following theorem generalizes a fact from classical Deligne-Lusztig theory [Lus76, 3] . Let S ⊆ W be the set of simple reflections determined by B. It admits an action of σ.
Theorem B (see Theorem 7.15). Let I ⊆ S be the smallest σ-stable subset containing the support of w, let P I be the corresponding rational parabolic subgroup of G and let M I be the unique Levi factor of P I containing T . We have
where H denotes the constant sheaf on Perf Fq attached to a profinite set H.
It follows that X w (b) might be empty, which is a new phenomenon that cannot happen in the classical case.
Corollary (see Corollary 7.11).
The proof of Theorem B is technically more involved compared to the classical setting. Another classical technique which generalizes to our setting is the Frobenius-cyclic shift [DL76, Proof of Theorem 1.6], see Lemma 7.17. Its proof is mutatis mutandis the same as in the classical case.
1.4. Representability. Finally, we investigate representability properties of X w (b) andẊẇ(b). We closely follow the strategy of Bonnafé-Rouquier [BR08] , who gave a new proof of a theorem due to Orlik-Rapoport [OR08, §5] and He [He08, Theorem 1.3], stating that a classical Deligne-Lusztig variety X w is affine if w ∈ W has minimal length in its σ-conjugacy class.
Theorem C (see Corollary 8.2). Let w ∈ W be of minimal length in its σ-conjugacy class. Then for all b ∈ G(k), and all liftsẇ of w, the arc-sheaves X w (b),Ẋẇ(b) are representable by ind-(perfect schemes).
The method of [BR08] is based on the fact that certain generalization O(w 1 , . . . , w r ) of O(w) is an affine scheme (over F q ), presumed some combinatorial condition on the w i ∈ W . We use the same statement -which remains true overk -plus the fact that if X/k is affine of finite type, then LX is ind-representable. Along the way we prove (still following the strategy of [BR08]) the ind-representability of X w (b) also for other types of elements w ∈ W , see Theorem 8.1. Those for example include the longest elements of all parabolic subgroups of W .
Based on the evidence for division algebras (see, in particular, the work of Lusztig [Lus79] , Boyarchenko [Boy12] and Chan [Cha19] ) and, more generally, all inner forms of GL n (see [CI19, Proposition 2.6]), one might hope for better representability properties of X w (b), at least when w is Coxeter. Essentially, the following conjecture is already contained in Lusztig's work.
Conjecture (Lusztig, [Lus79] ). If w is Coxeter, then X w (b) is representable by a perfect scheme.
More optimistically, Scholze conjectured that X w (b) is representable for all w, b. At least there is no known example where X w (b) is not representable by a scheme.
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Notation and preliminaries
2.1. Notation. We fix a prime number p and denote by Perf the category of perfect rings of characteristic p > 0. For R ∈ Perf, we denote by Perf R the category of perfect R-algebras.
2.1.1. Setup. We fix a field κ ∈ Perf. For R ∈ Perf κ we denote by W (R) the (p-typical) Wittvectors of R. We work simultaneously in two cases. Therefore we let O k 0 be either W (κ) or κ [[t] ]. In the first resp. second case we say that we work in mixed resp. equal characteristic case. We also set k 0 = Frac(O k 0 ), i.e., k 0 is either W (κ)[1/p] or κ((t)).
We fix a finite totally ramified extension k of k 0 , and we denote by a uniformizer of k, and by O k the integers of k. We will indicate in which case we are by writing char k = 0 resp. char k = p in the mixed resp. equal characteristic case. For R ∈ Perf κ we put:
i.e., in the first case W(R) are the ramified Witt vectors, details on which can be found in [FF18, 1.2]. In particular, W(κ)[1/ ] = k. Ifκ is an algebraic closure of κ, then we put Ok = W(κ) andk = W(κ)[1/ ]. This is the ( -adic) completion of a maximal unramified extension of k.
We have a multiplicative map [·] : R → W(R), which is the Teichmüller lift if char k = 0, and the natural embedding otherwise. Slightly abusing terminology, we call [·] the Teichmüller lift in both cases. It is canonical and, in particular, independent of the choice of the uniformizer and functorial in R. Moreover, every element of W(R) can uniquely be written as a convergent sum ∞ i=0 [a i ] i with a i ∈ R (if char k = 0, this uses that R is perfect). For R ∈ Perf we denote by Sch R the category of perfect quasi-compact + quasi-separated (= qcqs) schemes over R. For generalities on perfect schemes we refer to [Zhu17, BS17] . The functor W(·) extends to all of Sch κ . It takes values in -adic formal schemes.
By a presheaf on Perf R we mean a contravariant set-valued functor on Perf R . If F is a presheaf on Perf R , and R ∈ Perf R , we sometimes write F (Spec R ) for F (R ). Using Yoneda's lemma we regard Sch R as a full subcategory of all presheaves on Perf R . 2.1.2. Setup over a finite field. Our main application concerns the case when κ = F q is a finite field with q elements. Then k is a local non-archimedean field and Aut cont (k/k) ∼ = Gal(F q /F q ) is topologically generated by the Frobenius automorphism, which we denote by σ, and which induces the automorphism x → x q of F q .
For any R ∈ Perf Fq we have the F q -linear Frobenius automorphism x → x q of R. For any presheaf F 0 on Perf Fq this induces an automorphism σ F 0 : F 0 → F 0 . Let F = F 0 × Spec Fq Spec F q be the corresponding presheaf on Perf Fq . We have the geometric Frobenius automorphism σ F := σ F 0 × id of F . If F is clear from the context, we also write σ for σ F .
2.1.3. Ind-schemes. Let R ∈ Perf. We define an ind-(perfect scheme) over R to be a functor on Perf R , which is isomorphic to an inductive limit of perfect schemes (X α ) α∈Z ≥0 , such that all transition maps X α → X α+1 are closed immersions 1 . Any perfect scheme is in particular a scheme, and the same holds for ind-(perfect schemes). Therefore we will simply speak of schemes resp. ind-schemes instead of perfect schemes resp. ind-(perfect schemes). Nevertheless, the reader should keep in mind that throughout the article we work only with perfect objects.
2.1.4. Further notation and conventions. For a field F we denote by F sep its separable closure. For a scheme X we denote by |X| its underlying topological space. We abbreviate "quasicompact and quasi-separated" by qcqs.
2.2. v-and arc-topologies. We will make use of the v-topology on Perf, introduced by Bhatt-Scholze [BS17, §2] (see also [Ryd10] ). Recall [BS17, Definition 2.1] that a morphism of qcqs schemes f : X → Y is a v-cover, or universally subtrusive, if for any map Spec V → Y , with V a valuation ring, there is an extension V → W of valuation rings and a commutative diagram
The v-topology on Perf is the topology induced by v-covers on objects in Perf (regarded as affine schemes). We note that the v-topology on Perf is subcanonical [BS17, Theorem 4.1]. We will also use the slightly stronger arc-topology introduced by Bhatt-Mathew [BM18] . Recall that a morphism in Perf is an arc-cover if the above condition holds for all V of rank ≤ 1, and one can choose W to be of rank ≤ 1. The arc-topology on Perf is subcanonical and, moreover, a morphism in Perf is an arc-cover if and only if it is an universally effective epimorphism [BM18, Theorem 5.16 ]. In particular, any arc-sheaf on Perf extends uniquely to an arc-sheaf on Sch Fp . Lemma 2.1. Let f : F → G be a morphism of v-sheaves on Perf κ , and assume that F is qcqs and G is quasi-separated. The following are equivalent:
(i) f is surjective (resp. an isomorphism).
1 Sometimes in the literature these ind-schemes are called strict, whereas the term "ind-scheme" is reserved for those lim − →α Xα, with the assumption on the transition maps dropped.
(ii) For each valuation ring V ∈ Perf κ with algebraically closed fraction field, f (V ) :
Proof. (i) clearly implies (ii). Now assume the surjectivity part of (ii).
To check that f is an surjective, it suffices to do so after any base change Spec A → G to a representable sheaf, i.e, we may assume that G = Y for some Y ∈ Perf κ and (as G was assumed to be quasi-separated) that F is still quasi-compact. As F is quasi-compact, there is some affine X ∈ Perf κ and a surjective map of v-sheaves X → F , which by composition with f gives a map of v-sheaves g : X → Y such that still, for any valuation ring V with algebraically closed fraction field, g(V ) is surjective. This is a v-cover, so it is surjective map of v-sheaves. Hence also f is surjective. Now assume bijectivity in (ii). We already know that f is surjective, and it remains to prove injectivity. As above we can assume that G = Y ∈ Perf κ and F qcqs. The diagonal of F factors through an (injective) map g : F → F × Y F . But by assumption, g(V ) is bijective for any valuation ring V . Also F × Y F is qcqs, so by the above part of the proof, g is an isomorphism, which implies that f is injective.
Loop functors
We fix the setup of Section 2.1.1. The loop functor applied to a k-scheme X produces a set-valued functor LX on Perf κ . In this section we review and prove some facts about this construction.
3.1. Definitions. Let X be a scheme over k. As in [PR08, Zhu17] , we have the loop space LX of X, which is the functor on Perf κ , The association X → LX is functorial. We also mention that L(·) transforms closed immersions of affine schemes of finite type over k to closed immersions of ind-schemes [Zhu17, Lemma 1.2].
Lemma 3.2. The functor X → LX commutes with arbitrary limits.
Proof. This follows from the definitions. Now assume the setup of Section 2.1.2. Let X 0 is an k-scheme and put X = X 0 × kk . By Lemma 3.2 we have LX = LX 0 × Spec Fq Spec F q . In particular, the presheaf LX carries the geometric Frobenius automorphism σ = σ LX : LX → LX.
3.2. Graph morphism. We work in the setup of Section 2.1.1. Let X be a separated k-scheme. Let R ∈ Perf κ and f 1 , f 2 ∈ LX(R). Then f 1 , f 2 correspond to morphisms
As X is separated, the equalizer Proof. Let Z be the closure of Z in Spec W(R). As α already induces a mapα + : Spec W(R ) → Spec W(R), we have for a given R ∈ Perf Fq ,
For n ≥ 0, let W n (R) = W(R)/ n W(R), and consider the closed subscheme Z n = Z × Spec W(R) Spec W n (R) of Z. Let F n be the subfunctor of Spec R, defined by
As lim
← −n F n = F , we are reduced to show that F n is represented by a closed subscheme of Spec R. Let a ⊆ W n (R) be the ideal of W n (R) defining Z n . Any element a ∈ W n (R) can be written in a unique way as a sum a = n−1 i=0 [a i ] i with a i ∈ R. Let b ⊆ R be the ideal generated by all coefficients a i when a = n−1 i=0 [a i ] i varies through a and i varies through {0, 1, . . . , n − 1}. By functoriality of the Teichmüller lift, it is clear that the mapα n : 
which is representable by Lemma 3.3.
Schemes attached to (locally) profinite sets
Let κ be a field. For any topological space T we may consider the functor on qcqs κ-schemes,
(we omit κ from notation, whenever it is clear from the context). If T is compact Hausdorff, T is represented by the affine scheme Spec Cont(T, κ), where we write Cont(T, κ) for the ring of continuous functions T → κ, where κ is equipped with the discrete topology. We only will need this for T profinite, so let's recall the proof in that case. We can write T = lim ← −n T n as an inverse limit of discrete finite sets. Then each T n is represented by the affine scheme Spec Cont(T n , κ), and T = lim ← −n T n is an inverse limit of affine schemes, hence [Sta14, Tag 01YW] itself an affine scheme, the spectrum of lim − →n Cont(T n , κ) = Cont(T, κ).
We will need a topological version of the above construction. Let O be any ring and 0 = ∈ O a non-zero divisor contained in the Jacobson radical of O. Equip the ring k := O[ −1 ] with the -adic topology. Recall from [GR03, 5.4.15-19] (applied to R = O, t = , I = O), that there is a natural way to topologize the sets X(k) of k-points of all quasi-projective k-schemes X, compatible with immersions, and such that for X = A n k we get k n with its -adic topology. For a topological space T we may consider the k-scheme T k, := Spec Cont (T, k), the spectrum of the ring of continuous functions T → k. We do not claim that T k,τ represents some functor similar as in (4.1). Instead it has the following useful property.
Lemma 4.1. Let T be a profinite set and X a quasi-projective k-scheme. There is a bijection, functorial in T and X, Mor k (T k, , X) = Cont (T, X(k)), where on the right side indicates that X(k) is endowed with the -adic topology.
Proof. For any disjoint covering by finitely many clopen subsets
Thus, as T is profinite, the problem is local on T and on X and we may assume that X is affine. We then may assume that X = A n k . Assume we are given a k-morphism T k, → X. For any t ∈ T , there is a corresponding maximal ideal of Cont (T, k), the kernel of evaluation map at t, and the quotient of Cont (T, k) modulo this ideal is isomorphic to k. Thus T can be identified with a subset of |T k, |. Let α :
The point t ∈ T is mapped by β to the point (λ 1 (t), . . . , λ n (t)) ∈ k n . Thus, as λ i is continuous, also β is. This defines a map in one direction in the proposition.
Conversely, start with a -adically continuous map β :
As β and f are -adically continuous, also α # (f ) is. We obtain the k-morphism α : T k, → A n k of schemes attached to α # . These two constructions are mutually inverse. Functoriality is clear.
Assume now the setup of Section 2.1.1. Taking O = O k , the above considerations apply to the field k equipped with -adic topology. One verifies directly that for κ ∈ Perf the ring Cont(T, κ) is a perfect κ-algebra.
Proof. For any t ∈ T we have the evaluation homomorphism ev t :
e., f i (t) = 0 for all i and for all t ∈ T , so that f = 0. We show that the image of α consists of precisely the -adically continuous functions. For fixed i 0 ≥ 0 and a ∈ O k /( i 0 ), let U i 0 ,a be the preimage of a under the natural projection O k O k /( i 0 ). The sets U i 0 ,a for varying i 0 , a form a basis for -adic topology on O k . For fixed
, which is open, as each map f i is continuous with respect to the discrete topology on κ. Conversely, let f : T → O k be any -adically continuous map. Then we can find unique maps f i :
Thus f i 0 is continuous with respect to the discrete topology on κ. This shows the first isomorphism.
Inverting , α defines an injective k-homomorphism α : W(Cont(T, κ))[1/ ] → Maps(T, k), and similarly as above one shows that the image of α is precisely the set of -adically continuous maps.
Let Sh v (Perf κ ) denote the category of v-sheaves on Perf κ . Corollary 4.3. Let T be a profinite set and let X be a quasi-projective k-scheme. Then
Proof. This formally follows from the definitions and Lemmas 4.1 and 4.2.
Let now T be a locally profinite set. We assume that T is second-countable. Then T can be written as a countable disjoint union of profinite sets T = i∈I T i . 2 One can check that
Corollary 4.4. Let T be a locally profinite and second-countable set, and let X be a quasi-
Proof. This follows from Corollary 4.3 and the fact that T κ = i T i,κ .
Arc-descent for the loop functor
Here we work in the setup of Section 2.1.1. We will prove the following result.
Theorem 5.1. Let X be a quasi-projective scheme over k. Then LX is an arc-sheaf on Perf κ .
We prove this result by first studying the effect of W(·)[1/ ] on arc-covers in terms of scheme points, and then proving arc-descent for vector bundles on W(·)[1/ ]. Proof. Arc-covers are surjective on spectra, thus dominant, and hence ker(R → R ) ⊆ nil(R). As R is perfect, it is reduced, and thus R → R is injective. By Lemma 5.2 the same holds after applying W (resp. applying W and inverting ). The lemma becomes obvious now. 5.1.2. Continuous valuations. Our next goal will be to prove that if R → R is an arc-cover in Perf κ , then the image of Spec W(R )[1/ ] → Spec W(R)[1/ ] contains all closed points of the target. Therefore we use the adic spectrum, which we first recall.
Let A be a ring. Recall (for example from [SW20, 2.3]) that a valuation on A is a map | · | : A → Γ ∪ {0} into a totally ordered abelian group Γ, such that |0| = 0, |1| = 1, |xy| = |x| · |y|, |x + y| ≤ max(|x|, |y|) (where by convention 0 < γ and γ0 = 0 for all γ ∈ Γ). Two valuations
If A + is a subring of a topological ring A, then the adic spectrum Spa(A, A + ) of (A, A + ) is the set of equivalence classes of continuous valuations on A, such that |a| ≤ 1 for all a ∈ A + . We consider the subset Spa ≤1 (A, A + ) of Spa(A, A + ) of equivalence classes of continuous valuations of rank ≤ 1.
If R ∈ Perf κ , we always equip R with the discrete topology, take R + = R, and write Spa ≤1 (R) for Spa ≤1 (R, R). For R ∈ Perf κ we always equip W(R)[1/ ] with the -adic topology, with respect to which it is separated and complete, and we write Spa ≤1 W(R) for Spa ≤1 (W(R), W(R)). Proof. In the same way as in [Ked13, Lemma 4 .4] there is a map µ : Spa ≤1 W(R) → Spa ≤1 (R), which is defined by precomposition with the Teichmüller lift, i.e., it sends a valuation | · | of
as all x n ∈ p. Thus the support of | · | contains ker(W(R) → W(O K )), i.e., | · | is induced from a valuation (again denoted | · |) of W(R/p) ∼ = W(R)/ ker(W(R) → W(O K )). It remains to show that | · | on W(R/p) lifts to a valuation in Spa ≤1 W(O K ). Inside W(O K ) we have the subring of elements with bounded denominator:
(that this is indeed a subring follows from the multiplicativity of the Teichmüller lift). Then
Clearly, this is independent of the choice of the presentation as a fraction. Moreover, it is a valuation of rank 1 extending | · | on W(R/p), and it remains to check that | · | is -adically continuous and bounded by 1. Let
. A computation (similar to the above) using the -adic continuity of | · |, along with the fact that r −1 x n ∈ O K for each n, so that |x n | ≤ |r|, gives | n≥0 [x n ] n | ≤ |r|. This in turn gives |x| ≤ 1. Finally, -adic continuity of | · | follows from this and | | = | | < 1.
We continue with the proof of Proposition 5.4. Fix a valuation | · | ∈ Spa ≤1 W(R). The attached valuation µ(| · |) of R corresponds to a homomorphism R → O K into the integers of a non-archimedean field in Perf. This gives the frontal commutative square in the diagram (5.1). As R → R is an arc-cover, Spa ≤1 R → Spa ≤1 R is surjective (in fact, these statements are equivalent). This means that we can find a non-archimedean field extension L of K with integers O L , and a valuation of R corresponding to a homomorphism R → O L , such that the right side of the cube in diagram (5.1) is commutative. Then using the map µ and the functoriality of the involved constructions we can extend these two commutative squares to the full commutative diagram,
where each horizontal arrow is the map µ for the corresponding ring. Applying Lemma 5.5 to the frontal square, we are reduced to the case that R, The maximal ideal P is closed, and hence p is closed in W(R). It follows that is neither zero nor a unit in A. Let q ⊆ A be a prime ideal containing . Then there exists a valuation subring This topology is stronger than the v-topology. Nevertheless, several results from [Sch18, SW20] formulated for the v-topology continue to hold for the arc-topology with essentially the same proofs. For example we have the following arc-version of [Sch18, Theorem 8.7, Proposition 8.8].
Lemma 5.8. The pre-sheaf X → O X (X) is a sheaf for the arc-topology on Perfd. Moreover, for an affinoid perfectoid X, H i arc (X, O X ) = 0 for i > 0 and H i arc (X, O + X ) is almost zero for all i > 0.
Proof. The proof goes along the lines of [Sch18, Theorem 8.7, Proposition 8.8]. To show the first statement, we first note that O X (X) injects into x∈|X| K(x). Moreover, it is enough to only consider the rank-1 points of X, as any point has a unique rank-1 generalization. This implies that O X is separated. By the same arguments as in [Sch18, Theorem 8.7] we can reduce to the situation that X is totally disconnected affinoid perfectoid, Y = Spa(S, S + ) → Spa(R, R + ) = X is a map of affinoid perfectoid spaces, in which it suffices to show that if ∈ R is a pseudouniformizer, then
is almost exact (in fact, we need exactness at S + / only). This can be done locally on X, so we can replace X by any of its connected components, i.e., we may assume that X = Spa(K, K + ) for some perfectoid field K. But K • /K + is almost zero, so that we may replace K + by K • (and Y by Y × Spa(K,K + ) Spa(K, K • )), i.e., we may assume X = Spa(K, K • ). In that situation X consists of an unique rank-1 point, so that |Y | → |X| is surjective by assumption. By [Sch18, Proposition 7.23] K • / → S + / is then faithfully flat and we are done with the first claim. The second claim follows from the almost exactness of (5.2) by exactly the same argument as in the proof of [Sch18, Proposition 8.8].
We have the following version of [SW20, Lemma 17.1.8].
Lemma 5.9. The fibered category sending any X ∈ Perfd to the category of locally finite free O X -modules is a stack for the arc-topology on Perfd.
Proof. The proof goes along the lines of [SW20, Lemma 17.1.8]. Let X = Spa( R, R + ) → X = Spa(R, R + ) be a morphism of perfectoid affinoids, which is an arc-cover. By [KL15, Theorem 2.7.7] it is sufficient to show that the base change functor from the finite projective R-modules to finite projective R-modules equipped with a descent datum is an equivalence of categories. Full faithfullness follows from Lemma 5.8. As by [KL15, Theorem 2.7.7] vector bundles can be glued over open covers, essential surjectivity can be checked locally. Now, literally the same argument as in [SW20, Lemma 17.1.8] works and shows the claim in the case that R is a perfectoid field. The argument of [SW20, Lemma 17.1.8] to deduce the general case from the above goes through also here, asȞ 1 arc ( X/X, M r (O + X / )) is almost zero by Lemma 5.8.
As a consequence we deduce the following version of [SW20, Proposition 19.5.3].
Proposition 5.10. The fibered category sending any R ∈ Perf to the category of locally finite free W(R)[1/ ]-modules is a stack for the arc-topology.
Proof. This follows from Lemma 5.9 in the same way as [SW20, Proposition 19.5.3] follows from [SW20, Lemma 17.1.8] 3 . We explain the argument in the mixed characteristic case; the other case is similar. Let R → R be an arc-cover in Perf. Let A + = W(R), A = A + [1/ ] and let A + = W( R), A = A + [1/ ]. Let U = Spa(A, A + ) and U = Spa( A, A + ). We have to show descent for vector bundles along U → U .
Note that U is sousperfectoid. Indeed, let
is an affinoid perfectoid space. Moreover, U = U × Spa Zp Spa Z p [p 1/p ∞ ] ∧ p = U × U U is also affinoid perfectoid and by Proposition 5.4 an arc-cover of U . By Lemma 5.9 vector bundles descend along U → U . Now the last paragraph of the proof of [SW20, Proposition 19.5.3] applies literally. 5.3. Proof of Theorem 5.1. First assume that X = P n k . Then the fact that LX is an arc-sheaf is a consequence of descent of vector bundles, i. e., Proposition 5.10. The general case follows from this special case and Lemma 5.11.
Lemma 5.11. Let ι : Y → X be an immersion of k-schemes. If LX is an arc-sheaf, then LY also is.
Proof. Let R → R be an arc-cover in Perf. Write W = Spec W(R)[1/ ], W = Spec W(R )[1/ ] and let f : W → W be the corresponding morphism. We must show that Y (W ) = Eq(Y (W ) ⇒ Y (W × W W )), assuming the same holds for X. As Y → X is an immersion, we have Y (W ) ⊆ X(W ) and similarly for W , W × W W . The lemma thus reduces to show that whenever we have a commutative diagram 
The loop spaces of partial flag manifolds
In this section we work in the setup of Section 2.1.2. Moreover, we fix a reductive group G over the local field k = W(F q )[1/ ]. 6.1. σ-conjugacy classes. We review some results from [Kot85] , which we need below. Let f be any algebraically closed extension of Assume now that G is unramified, and fix a k-rational maximal torus T of G, which is contained in a k-rational Borel subgroup. The set B(G) can be parametrized as follows. Let π 1 (G) denote the Borovoi fundamental group of G, which is isomorphic to the quotient of X * (T ) by the coroot lattice. Then one can attach to [b] ∈ B(G) two invariants, the Kottwitz point
is injective. Moreover, the image of ν b and κ G (b) in π 1 (G) Gal(k sep /k) ⊗ Z Q coincide (thus, if π 1 (G) Gal(k sep /k) is torsion free, a σ-conjugacy class is determined by its Newton point). Proof. This follows from the above description and its functoriality. 4 The definition is only given in the case char k = 0, but it works similarly in the case char k > 0. We come back to our unramified reductive group G. Until the end of this section fix a krational parabolic subgroup P of G. We have the projective k-scheme G/P . We denote its base change tok again by G/P , so that L(G/P ) is an arc-sheaf on Perf Fq (by Theorem 5.1). The k-rational structure on G/P gives the geometric Frobenius σ on L(G/P ) (as at the end of Section 3.1). For b ∈ G(k), we can consider the arc-sheaf
where bσ is the automorphism of L(G/P ) induced by gP → bσ(g)P . We will show below that its is represented by the constant scheme attached to a profinite set. First we study the geometric points of L(G/P ) bσ . Let k nr denote the maximal unramified extension of k.
Lemma 6.3. With notation as in Proposition 6.2, let F be L or k nr . Then H 1 (F sep /F, P b ) = 1.
Proof. If char k = 0, then F is perfect and the result follows directly from Steinberg's theorem, as cd( (ii): We have the Gal(k sep /k)-equivariant short exact sequence of discrete (with respect to Gal(k sep /k)-action) pointed sets,
Taking cohomology with respect to the action of the subgroup Gal(k sep /k nr ), and using Lemma 6.3, we deduce the exact sequence of discrete pointed Gal(k nr /k)-sets, where we consider the twisted W(L/k)-action on P (L), G(L). Thus we deduce a map from the exact sequence (6.3) to (6.4), which is equivariant with respect to W(L/k) → Gal(k nr /k). Using the functoriality of the long exact cohomology sequence we deduce the commutative diagram of pointed sets,
where the two left vertical arrows are bijections by [RZ96, 1.12], and the two right vertical arrows are the injective maps as in [Kot97, (3.5.1)]. By Lemma 6.1 the fiber in B(P ) over the distinguished point of B(G) is finite. Repeating the same arguments for all (finitely many) σ-conjugacy classes in P (k), which are contained in [b] G ∩P (k), we thus deduce that (G/P )(L) bσ is a finite union of copies of (G b /P b )(k). In particular, it is independent of the choice of f. The last claim follows from Lemma 6.4. Lemma 6.4. If X is a projective scheme over k, then X(k) with the -adic topology is a profinite set.
Proof. If X → Y is a closed immersion of k-schemes, then X(k) → Y (k) is a closed immersion in the -adic topology. Thus it is enough to prove the lemma in the case X = P n k , where it follows from P n (k) = P n (O k ) = lim ← −r P n (O k /( r )). As a corollary to the proof of Proposition 6.2, we can describe the structure of (G/P )(k) bσ more closely. As the fibers of B(P ) → B(G) are finite, we can write
Corollary 6.6. With above notation,
is a disjoint decomposition into clopen subsets. This decomposition is G b (k)-equivariant, where G b (k) acts by left multiplication on (G/P )(k) bσ , and via Int(g i ) and left multiplication on
Proof. This follows from the long exact sequence of pointed sets in the proof of Proposition 6.2 applied to each b i .
In the rest of this section, for a topological space T we will write T instead of T Fq (see (4.1)). Proof. First, by Corollary 4.3, there is a natural map (G/P )(k) bσ → L(G/P ). As (G/P )(k) bσ is the set of bσ-fixed points, one checks that this map factors through a map f : (G/P )(k) bσ → L(G/P ) bσ . We have to show that this is an isomorphism. Let R ∈ Perf Fq be a valuation ring with algebraically closed fraction field. Write U = Spec R and let η ∈ U be the generic point. As (G/P )(k) bσ is a profinite set and |U | is a chain of specializations, we have (G/P )(k) bσ (R) = Cont(|U |, (G/P )(k) bσ ) = Cont({η}, (G/P )(k) bσ ) = (G/P )(k) bσ ({η}). (6.5) On the other hand, from Lemma 3.3 it follows that the natural map L(G/P )(U ) → L(G/P )({η}) is injective. Hence the same holds for the subsheaf L(G/P ) bσ . This observation combined with (6.5) and Proposition 6.2 implies that f (U ) is bijective. Now, L(G/P ) bσ is a subsheaf of the quasi-separated v-sheaf L(G/P ) (Lemma 3.4). Therefore L(G/P ) bσ is itself quasi-separated. Now, (G/P )(k) bσ is a profinite set by Proposition 6.2. Thus (G/P )(k) bσ is qcqs v-sheaf. Finally, Lemma 2.1 shows that f is an isomorphism. Remark 6.8. Let us make the natural map f : (G/P )(k) bσ → L(G/P ) in Proposition 6.7 explicit after a v-covering. Let A ∈ Perf Fq with U := Spec A ∈ Perf Fq be as in [BS17, Lemma 6.2], i.e., any connected component of U is the spectrum of a (perfect) valuation ring, and the set of closed points of U is closed. Moreover, we may assume that π 0 (U ) is a pro-finite set (cf. the proof of [BS17, Lemma 6.2]). We have the affine scheme π 0 (U ) = Spec Cont(π 0 (U ), F q ) ∈ Perf Fq . It comes with a morphism U → π 0 (U ) corresponding via (4.1) to the natural projection |U | → π 0 (U ). For brevity, write T := (G/P )(k) bσ = L(G/P )(F q ) bσ , which is a profinite set by Proposition 6.2. As any connected component of |U | is a chain of specializations and T is profinite, we have T (U ) = Cont(|U |, T ) = Cont(π 0 (U ), T ) = T (π 0 (U )) , (6.6)
where both sets carry their profinite topology. By Corollary 4.3 to give a π 0 (U )-valued point β of L(G/P ) it is equivalent to give a map π 0 (U ) → (G/P )(k) which is continuous with respect to the -adic topology onk. Let now α ∈ T (U ). By (6.6), α canonically determines a continuous map π 0 (α) : π 0 (U ) → T . Now T ⊆ (G/P )(k) and the inclusion is continuous, so that by the above α canonically determines a π 0 (U )-point β of L(G/P ). Moreover, the assignment α → β is injective, which reproves the injectivity of f .
Next, let H be a linear algebraic group over k, let b ∈ H(k) and let H b be the k-group as in (6.1). Then H b (k) is a locally profinite (and second countable) group, and we have the corresponding arc-sheaf H b (k) on Perf Fq . We also have the automorphism Int(b) • σ : g → bσ(g)b −1 of LH. This gives the equalizer
which is also an arc-sheaf on Perf Fq . For R ∈ Perf Fq and g ∈ LG(R), regarded as automorphisms of the restriction LG × Fq R of LG to Perf R , we have σg = σ(g)σ. Therefore, explicitly LH bσ (R) = {g ∈ LH(R) : gbσ = bσg}, (6.7)
Similar to the above we have a morphism H b (k) → LG bσ .
Lemma 6.9. The natural morphism H b (k) → LH bσ is an isomorphism.
Proof. As H is affine, LH is an ind-scheme by Proposition 3.1. Then LH bσ is a closed sub-indscheme. It is immediately seen that H b (k) → LH bσ is an isomorphism on field-valued points 5 . In particular, LH bσ has the same underlying topological space as H b (k), and hence is totally disconnected. To check that the map H b (k) → LH bσ is an isomorphism can be done locally. But LH bσ is perfect, hence reduced, so the local ring at any point is just F q . As the same is true for H b (k), we are done.
Loop Deligne-Lusztig spaces
We now come to the definition of loop Deligne-Lusztig spaces. We work in the setup of Section 2.1.2. We fix an unramified reductive group G 0 over k and let G = G 0 × kk be the (split) base change tok. In G 0 we fix a k-rational maximally split maximal torus T 0 , which splits after an unramified extension, and a k-rational Borel subgroup B 0 = T 0 U 0 with unipotent radical U 0 containing it. Denote by T, B, U the base changes of T 0 , B 0 , U 0 tok. Let W = W (T, G) denote the Weyl group of T in G. Let S ⊆ W be the set of simple reflections attached to simple roots in B. The Frobenius σ ofk/k acts on S and on W . For an element w ∈ W we denote by supp(w) the set of simple reflections appearing in a (any) reduced expression of w. By supp(w) we denote the smallest σ-stable subset of S containing supp(w). 7.1. Relative position. The group G acts diagonally on G/B × G/B and on G/U × G/U , and by the geometric Bruhat decomposition (for the split group G), we have the decomposition into G-orbits,
where the first is a locally closed decomposition into finitely many locally closed subvarieties. The field of definition of O(w) is the unramified extension k d /k of degree d, where d is the lowest number such that σ d (w) = w, and theȮ(ẇ) are all certainly defined overk. If we want to emphasize the group G to which X w (b) resp.Ẋẇ(b) is attached, we write X G w (b) resp.Ẋ Ġ w (b).
Ifẇ lies over w, then there is a natural mapẊẇ(b) → X w (b). Directly from Theorem 5.1 (and the fact that the formation of limits commutes with the inclusion of sheaves into presheaves) we deduce the following corollary. In the rest of this section, for a topological space X we will write X instead of X Fq . Now the composite of the two upper horizontal maps is (gs, gbσ(s)) = (gs, bσ(gs)) : Y → L(G/B) 2 , as g commutes with bσ (see (6.7)). Thus we see that (gs, bσ(gs)) factors through LO(w) → L(G/B) 2 , i. e., gs ∈ X w (b)(R). The proof forẊẇ(b) is similar. 7.2.2. Action of T w (k). We may consider the 1-cocycle of the Weil group of k with values in W , which is determined by being trivial on the inertia subgroup and sending σ to w. This determines a form T w of T , which is (isomorphic to) an unramified k-rational maximal torus of G. We have
As abelian groups we have X * (T w ) = X * (T ), and the action of σ on X * (T w ) is given by σ w := Ad(w) • σ, where σ stands for the natural σ-action on X * (T ). As in Section 6.2 we have the sheaf T w (k) attached to the locally profinite set T w (k), and it is (similar as in Lemma 6.9) equal to LT Ad(w)•σ .
Lemma 7.8. The natural action of LT on L(G/U ) restricts to an action of T w (k) onẊẇ(b). The following is an immediate consequence of Lemma 7.10 and Proposition 6.7.
Corollary 7.11. Let w ∈ W and b ∈ G(k).
Remark 7.12. It follows from Corollary 7.11 and Remark 7.7 that when studying the sheaves X w (b) andẊẇ(b), we may without loss of generality assume that b ∈ P supp(w) (k).
Note that by the exactness of (6.4) in the case L =k, any element in (G/P I )(k) bσ is represented by some gP I with g ∈ G(k).
Proposition 7.13. Let w ∈ W and write I = supp(w). Let M I be the unique Levi subgroup of
Proof. The first statement follows from Lemma 7.10 and Proposition 6. Finally, we determine the structure of X G w (b) in terms of arc-sheaves X M I w (b i ) attached to the Levi subgroup M I of G. Therefore we first show a general result.
Proposition 7.14. Let H be a locally profinite, second-countable group, H ⊆ H a closed subgroup such that H Q := H/H has a continuous section. Let π : X → Q be a map of v-sheaves on Perf Fq , and assume that H acts on X such that the action commutes with π and the H-action on Q by left multiplication. Let t : Spec F q → Q be a geometric point, and let X t := X × Q Spec F q be the fiber over t. Then X ∼ = Q × X t as v-sheaves.
Proof. As the fibers X t for varying t are all isomorphic by the H-action, we may assume that t corresponds to the coset 1 · H ∈ Q. The continuous section to H Q induces a map s : Q → H of v-sheaves. Let ι t : X t → X be the natural map. Let act X denote the action of H on X. Put α := act X • (s × ι t ) : Q × X t → H × X → X w (b). Now we define a map in the other direction: let R ∈ Perf Fq , let β ∈ X(R). The actions of the element sπβ ∈ H(R) on X and Q determine a commutative diagram with bijective horizontal arrows:
Let γ ∈ X(R) be the unique element such that (sπβ)(γ) = β. For a v-sheaf Y , let f Y : Y → Spec F q denote the unique morphism to the final object. We claim that πγ = tf Spec R ∈ Q(R). As sπβ : X(R) → X(R) is an isomorphism, it is enough to show that (sπβ)(πγ) = (sπβ)(tf Spec R ). By the commutativity of the diagram above, we have (sπβ)(πγ) = πβ. On the other side, consider the composed map
where the second map is the "orbit map" for the action of H(R) on the element tf Spec R ∈ Q(R).
Let pr : H → Q be the natural map. As t ∈ Q(Spec F q ) corresponds to the coset 1·H , we deduce that the image of πβ under the composed map above is pr(sπβ) = (pr • s)(πβ) = πβ, i. e., with other words we have (sπβ)(tf Spec R ) = πβ, proving the claim.
The association X(R) → X(R), β → γ defined above is functorial in R, so it defines a map ε 0 : X → X of v-sheaves. The claim shows that πε 0 = tf X . This gives a map ε 1 : X → X t , such that ι t ε 1 = ε 0 . Finally we get the map ε := (π, ε 1 ) : X → Q × X t . One now shows that α and ε are mutually inverse.
Theorem 7.15. Let b ∈ G(k), w ∈ W , letẇ ∈ G(k) be any lift of w. Write I = supp(w). As in the paragraph preceding Corollary 6.6, write
for finitely many b i ∈ P I (k). We have the equivariant isomorphisms
Proof. This follows from Proposition 7.14, Proposition 7.13 and Corollary 6.6. The only thing to check (to be able to apply Proposition 7.14) is that for each i, there is a continuous section to the natural map Lemma 7.17. Assume w = w 1 w 2 , w = w 2 σ(w 1 ) ∈ W , such that (w) = (w 1 ) + (w 2 ) = (w ). Then there is an isomorphism X w (b) ∼ = X w (b). Ifẇ,ẇ ,ẇ 1 ,ẇ 2 ∈ G(k) are lifts of w, w , w 1 , w 2 , satisfyingẇ =ẇ 1ẇ2 ,ẇ =ẇ 2 σ(ẇ 1 ), thenẊẇ(b) ∼ =Ẋẇ (b).
Proof. Let R ∈ Perf Fq . Let g ∈ X w (b)(R), so that g ∈ L(G/B)(R) and g w → bσ(g). By (σ(w 1 )) , so there exists a unique τ (g) ∈ L(G/B)(R) which fits into the commutative diagram of relative positions,
This defines a map X w (b) → X w (b), g → τ (g). The same argument gives maps τ :
One checks that τ (τ (g)) = bσ(g) and hence these maps fit into the commutative diagram
As the vertical arrows are isomorphisms (Lemma 7.5), also all others are. This proves the first claim. To prove the second claim we notice first that we have Uẇ 1 Uẇ 2 U ∼ = Uẇ 1ẇ2 U (as subvarieties of G). HenceȮ(ẇ) ∼ =Ȯ(ẇ 1 ) × G/UȮ (ẇ 2 ), and similarly forẇ ,ẇ 2 , σ(ẇ 1 ). Now the same proof as for X w (b) also applies toẊẇ(b).
Two elements w, w ∈ W are said to be F -conjugate by a cyclic shift (notation: w
of elements of W such that w 1 = w, w n+1 = w and for each 1 ≤ i ≤ n: w i = x i y i , w i+1 = y i σ(x i ) and (w i ) = (x i ) + (y i ) = (w i+1 ).
A σ-conjugacy class C in W is called cuspidal if C ∩ W J = ∅ for any proper subset J S. One important property of the cyclic shift is the following result.
Theorem 7.18 (Theorem 3.2.7 of [GG00], §6 of [GKP00] and Theorem 7.5 of [He07] ). Let C ⊆ W be a cuspidal σ-conjugacy class and let C min be the set of all elements of minimal length in C. Assume that supp(w) = S for an (equivalently any) w ∈ C min . Then for all w, w ∈ C min we have w σ ←→ w .
Ind-representabilty
We keep the setup of Section 7 and study representability properties of the sheaves X w (b), Xẇ(b). We follow exactly the strategy of [BR08] , where in the setup of classical Deligne-Lusztig theory affineness of certain Deligne-Lusztig varieties is shown. Here the claim "X w affine" is replaced by "X w (b) ind-representable". The idea is that in [BR08] Prior to the proof of Theorem 8.1 and Corollary 8.2 we note that as G 0 is unramified, it has a hyperspecial model G over O k whose special fiber G ⊗ O k F q is a reductive group over F q , such that the Weyl group of its base change to F q is equal to the Weyl group of G. In particular, all combinatorial arguments from [BR08] carry over to our situation.
Remark 8.3. One difference to [BR08] is that need to give a separate proof forẊẇ(b), whereas in the classical Deligne-Lusztig theory the equivalence "X w affine ⇔Ẋẇ affine" is immediate. If y 1 , . . . , y s ∈ W such that x 1 x 2 . . . x r = y 1 y 2 . . . y s in B + , then O(x 1 , . . . , x r ) ∼ = O(y 1 , . . . , y s ) (even canonically, see [Del97, Application 2]). For liftsẋ 1 , . . . ,ẋ r ∈ N G (T )(k) of x 1 , . . . , x r puṫ O(ẋ 1 , . . . ,ẋ r ) :=Ȯ(ẋ 1 ) × G/U · · · × G/UȮ (ẋ r ) = {(g 0 U, g 1 U, . . . , g r U ) ∈ (G/U ) r+1 : ∀1 ≤ i ≤ r : g −1 i g i+1 ∈ Uẋ i U }. Then T acts onȮ(ẋ 1 , . . . ,ẋ r ) by T t : (g 0 U, g 1 U, . . . , g r U ) → (g 0 tU, g 1 Ad(x 1 ) −1 (t)U, . . . , g 1 Ad(x r . . . x 1 ) −1 (t)U )
As in [BR08, Proof of Proposition 3], the natural maṗ O(ẋ 1 , . . . ,ẋ r ) → O(x 1 , . . . , x r ) (g 0 U, . . . , g r U ) → O(g 0 B, . . . , g r B)
identifies O(x 1 , . . . , x r ) with the quotient ofȮ(ẋ 1 , . . . ,ẋ r ) by the action of T . We then have: Proof. The proof from [BR08, Proposition 3] that O(x 1 , . . . , x r ) is affine applies mutatis mutandis (in fact, the setup there is over a finite field F q instead of the local field k, but this does not affect anything). The claim forȮ(ẋ 1 , . . . ,ẋ r ) follows from the equivalence (8.1). Now we can prove Theorem 8.1. By Corollary 7.16, we may assume that I = S. Now, the point (same as in [BR08] ) is that X w (b) possesses also a slightly different presentation, which is more convenient for our purposes. Namely, let C be a σ-conjugacy class in W , and let C min denote the set of elements of minimal length in C. Let d be the smallest positive integer k such that wσ(w)σ 2 (w) . . . σ(w) k−1 = 1 and σ k acts trivially on W .
First, we prove the theorem for good elements in C min and their lifts. An element w ∈ C min is called good, if there exists a sequence of subsets I r ⊆ I r−1 ⊆ · · · ⊆ I 1 ⊆ S, such that wσ(w) . . . σ d−1 (w) = w 2 I 1 w 2 I 2 . . . w 2 Ir . Now Theorem 8.1 applies to good w and shows the indrepresentability of X w (b), once it is proven that I 1 is σ-stable. But this is the case (see [BR08, Proposition 4]). Also, ifẇ ∈ G(k) is any lift of a good element w ∈ C min , then Theorem 8.1 also shows ind-representability ofẊẇ(b). Now we show Theorem 8.2 for all w ∈ C min . By Corollary 7.16 we may assume that supp(w) = S. By the above paragraph Theorem 8.2 holds for all good w ∈ C min . Thus by Theorem 7.18 and Lemma 7.17 it remains to show that there always exists a good element in C min . But this is a result of Geck-Michel, Geck-Kim-Pfeiffer and He (see [BR08, Theorem 6] and the references there). This finishes the proof of Theorem 8.2 for X w (b).
Finally, let w ∈ C min and letẇ be any lift of w. It remains to show thatẊẇ(b) is indrepresentable. Again, by Corollary 7.16 we may assume that supp(w) = S. As in the preceding paragraph, the result follows from the good case, the existence of a good w ∈ C min with w σ ←→ w , Lemma 7.17 and the following (obvious) observation: For any w, w , w 1 , w 2 ∈ W as in Lemma 7.17 and any liftẇ of w, there are liftsẇ j of w j (j = 1, 2), such thatẇ =ẇ 1ẇ2 .
